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Figure: Kiyoshi Itô(�B�, Itô Kiyoshi) (7 September , 1915 õ10 November,
2008) was a Japanese mathematician whose work is now called Itô calculus. The
basic concept of this calculus is the Itô integral, and the most basic among
important results is Itô’s lemma. His theory is widely applied, for instance in
financial mathematics.
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�ÅL§

��¼ê X (t, ω)´�ÅL§§Ù¥ ω ∈ Ω . XJ t ∈ N§K¡TL§�
lÑ�mL§¶XJ t ∈ R+§K¡ëY�mL§. ·�Ï~rëY�m
�ÅL§P� X = {Xt , t ≥ 0}.k�·�^ X (t)5L« Xt .

éu�½� ω§'X ω̄§ {X (t, ω̄), t ≥ 0}£½lÑ�/e�
{X (n, ω̄), n ∈ N}¤�¡�´»£path¤½;,£trajectory¤.

éu�½� t§'X t̄§8Ü {X (t̄, ω), ω ∈ Ω}£½ölÑ�/e�
{X (n̄, ω), ω ∈ Ω}¤´�� t̄ T�ÅL§�G�8. X (t̄, ω)Ò¤

�ÅCþ.
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Brown$Ä

Brown$Äq�¡�WiennerL§"����=)ÔÆ[ R. Brownu
1827c3w�ºeuy�s®�â�Ø5K$Ä"±cÑ@� Brown
$Ä�êÆ½Â´ EinsteinÄku 1905cJÑ�§�Ù¢@3 1900c
BachelierÒ3¦�Æ¬Ø©¥JÑ
 Brown$Ä§¿r Brown$Ä^
3�¦d��ïÄ"

IO Brown$Ä�êÆ5�

�ëY�m�ÅL§Wt : 0 ≤ t < T ´ [0,T )þ�IO Brown$Ä§

W0 = 0

ÕáOþ5µéuk���� 0 ≤ t1 < t2 < · · · < tn < T §�ÅC
þ

Wt2 −Wt1 ,Wt3 −Wt2 , · · · ,Wtn −Wtn−1

´Õá�

��5µé?¿� 0 ≤ s < t < T §Wt −Ws Ñlþ��0§��
� t − s ���©Ù
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Brown$Ä��[

�½W0 = 0.é j = 1, 2, . . . ,N §�±eAÚ

tj = tj−1 + ∆t

�) Zj ∼ N(0, 1)

∆Wj = Zj

√
∆t

Wj = Wj−1 + ∆Wj
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set.seed(123)
N <- 100 # �m[0,T]©��°ê
T <- 1
Delta <- T/N # �mm�
W <- numeric(N+1) # Ð©z�þ W
t <- seq(0,T, length=N+1)
for(i in 2:(N+1))

W[i] <- W[i-1] + rnorm(1) * sqrt(Delta)
plot(t,W, type="l", main="ÙK$Ä" , ylim=c(-1,1))
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Figure: Brown$Ä;,��[
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ItôÈ©

b� {X (t), 0 ≤ t ≤ T}´'uÙK$Ä)¤�¯�6·A��ÅL
§§÷v

∫ T
0 E(X (s)2)ds < +∞.K X �ItôÈ©½Â�µ

It(X ) =

∫ t

0
XsdWs = lim

‖Πn‖→0

n−1∑
i=0

X (ti )(W (ti+1)−W (ti ))

~Xµ ∫ t

t0

dW (s) = lim
n→∞

n−1∑
i=0

(W (ti+1)−W (ti ))

= W (t)−W (t0)
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Itô L§

�ÅL§ {X (t), 0 ≤ t ≤ T}�±�¤Xe/ªµ

Xt = X0 +

∫ t

0
g(s)ds +

∫ t

0
h(s)dWs

Ù¥ g(t, ω)Ú h(t, ω)´ü�·AL§§�÷v

P

{∫ T

0
|g(t, ω)|dt <∞

}
= 1 and P

{∫ T

0
h(t, ω)2dt <∞

}
= 1

K {X (t), 0 ≤ t ≤ T}�¡� Itô L§
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�Å�©�§£±e{¡ SDE¤

Xt = X0 +

∫ t

0
µ(s,Xs)ds +

∫ t

0
σ(s,Xs)dWs

Ï~�¤�©/ª

dXt = µ(t,Xt)dt + σ(t,Xt)dWt

k��{��

dXt = µ(Xt)dt + σ(Xt)dWt

µ(·)�¡�¤£�§σ(·)�¡�*Ñ�
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ÙK$Äµ
dXt = µdt + σdWt

AÛÙK$Äµ
dXt = µXtdt + σXtdWt

Ornstein-UhlenbeckL§£q¶VasicekL§¤

dWt = (θ1 − θ2Xt)dt + θ3dWt

θ2 > 0�TL§kþ��=£mean reverting¤�5�"T�§��±�
¤µ

dWt = θ(µ− Xt)dt + σdWt

Cox-Ingersoll-RossL§

dWt = (θ1 − θ2Xt)dt + θ3
√

XtdWt

�2θ1 > θ2
3 �§TL§î����"�§��±�¤µ

dWt = θ(β − Xt)dt + σ
√

XtdWt
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SDE�)

XJSDE�¤£�µ(·)Ú*Ñ� σ(·)÷ve¡�^�µ
�Û Lipschitz^�µ éu¤k� x , y ∈ RÚ t ∈ [0,T ]§�3~ê
K < +∞¦�

|µ(t, x)− µ(t, y)|+ |σ(t, x)− σ(t, y)| < K |x − y |

�5O�^�µéu¤k� x ∈ RÚ t ∈ [0,T ]§�3~ê
C < +∞¦�

|µ(t, x)|+ |σ(t, x)| < C (1 + |x |)

KSDE�3���!ëY�r)¦�µ

E
{∫ T

0
|Xt |2dt

}
<∞
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Brown$Ä

dXt = µdt + σdWt

3�½Ð� Xt0 �^�e§�±¦Ñ�§�)�

Xt = Xt0 + µ(t − t0) + σ(Wt −Wt0)

AÛ Brown$Ä

dXt = µXtdt + σXtdWt

3�½Ð� Xt0 �^�e§�±¦Ñ�§�)�

Xt = Xt0 exp

[
(µ− σ2

2
)(t − t0) + σ(Wt −Wt0)

]
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ItôÚn

b� X (t)÷vSDEµ

dXt = µ(t,Xt)dt + σ(t,Xt)dWt

f (X )´ X �¼ê§K

df (X ) = fX (X )dX +
1

2
fXX (dX )2

(dX )2Ðm�§ke¡�{Kµ

× dt dW

dt 0 0
dW 0 dt
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ItôÚn�A^

b� X (t)÷vSDEµ

dXt = µXtdt + σXtdWt

XÛ)Ñ X (t)º

� Y (t) = log X (t)§K ∂Y
∂X = 1

X §
∂2Y
∂X 2 = − 1

X 2 §dItôÚn��µ

dY =
∂Y

∂X
dX +

1

2

∂2Y

∂X 2
(dXt)2

=
1

X
(µXdt + σXdW ) +

1

2
(− 1

X 2
)σ2X 2dt

= µdt + σdW − 1

2
σ2dt

=

(
µ− 1

2
σ2

)
dt + σdW
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K Y (t)´ÙK$Ä§k

Y (t) = Y (t0) +

(
µ− 1

2
σ2

)
(t − t0) + σ(W (t)−W (t0))

X (t) = exp(Y (t))

= X (t0) exp

[(
µ− 1

2
σ2

)
(t − t0) + σ(W (t)−W (t0))

]
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AÛ Brown$Ä��[

�½Ð©�� X0 .é j = 1, 2, . . . ,N §�±eAÚ

tj = tj−1 + ∆t

�) Zj ∼ N(0, 1)

∆Wj = Zj

√
∆t

Xj = Xj−1 exp

(
(µ− σ2

2
)∆t + σ∆Wj

)
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set.seed(123)
mu <- 1
sigma <- 0.5
x <- 10
N <- 100 # [0,T]�©�:ê
T <- 1
Delta <- T/N # �mm�
W <- numeric(N+1) # Ð©z�þ W
t <- seq(0,T, length=N+1)
for(i in 2:(N+1))

W[i] <- W[i-1] + rnorm(1) * sqrt(Delta)
S <- x * exp((mu-sigma^2/2)*t + sigma*W)
plot(t,S,type="l",main="AÛÙK$Ä")
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Figure: AÛ Brown$Ä;,��[
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SDE�ê�)

¿Ø´¤k� SDEÑU)Ñwª)§�õ� SDE�UÏLS�ª¦Ñ
ê�). ¦ SDEê�)�Ò´�[Ñ)�´».

Euler�ª

Yi+1 = Yi + µ(ti ,Yi )(ti+1 − ti ) + σ(ti ,Yi )(Wi+1 −Wi )

Milstein�ª

Yi+1 = Yi + µ(ti ,Yi )(ti+1 − ti ) + σ(ti ,Yi )(Wi+1 −Wi )
1

2
σ(ti ,Yi )σx(ti ,Yi )

{
(Wi+1 −Wi )

2 − (ti+1 − ti )
}

Ù¥
Wi+1 −Wi =

√
ti+1 − tiZi+1, i = 0, . . . , n − 1

 Z1, . . . ,Zn ´p�Õá�IO���ÅCþ
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SDE�ê�)
R¢y

BM()!GBM()!BBridge()

sde.sim()
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SDE�ëê�O

�Äe¡� SDEµ

dXt = µ(Xt ; θ)dt + σ(Xt ; θ)dWt

Ù¥ θ ∈ Θ ⊂ Rp ´ p�ëê§ θ0´ëê�ý¢�"¼ê
µ : R×Θ → R Úσ : R×Θ → (0,+∞)´®��§¿�¦SDE�)�
3"XJ·�*ÿ�T SDE)��^;,�lÑæ� {Xn, n ∈ N}§^
ù
êâ5�Oëê θ§��ëê��O� θ̂
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SDE�ëê�O
4�q,�O

b� x0, x1, . . . , xN ´ X (t)3þ!lÑ�� ti = ∆t �*ÿ§Ù¥
i = 0, 1, . . . ,N §∆t = T/N.
- p(tk , xk |tk−1, xk−1; θ)´l (tk−1, xk−1)� (tk , xk)�D4VÇ�Ý§
b�Ð©G��VÇ�Ý� p0(x0|θ)§q,¼ê�µ

f (θ) = p0(x0|θ)
N∏

k=1

p(tk , xk |tk−1, xk−1; θ)

éêq,¼ê�µ

L(θ) = log f (θ)

=
N∑

k=1

log p(tk , xk |tk−1, xk−1; θ) + log p0(x0|θ)
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�Ä SDE� EulerCq§k

X (tk) = xk−1 + µ(tk−1, xk−1; θ)∆t + σ(tk−1, xk−1; θ)
√
∆tηk

Ù¥ ηk ∼ N(0, 1) .dþª��

p(tk , xk |tk−1, xk−1; θ) =
1√

2πσk
exp

(
−(xk − µk)2

2σ2
k

)
Ù¥ µk = xk−1 + µ(tk−1, xk−1; θ)§ σk = σ(tk−1, xk−1; θ)

√
∆t
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SDE�ëê�O
¢~µ«+ÄåÆ

�Ä{³ä1939)1985c�«+êâ§b� t ��«+�� X (t)÷v
SDEµ

dX (t) = θ1X (t)dt + θ2
√

X (t)dW (t), X (0) = 18
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data<-scan("D:\\data.txt")
X<-ts(data,start=1939)

d <- function(t,x,theta) theta[1]*x
s <- function(t,x,theta) theta[2]*sqrt(x)

Euler.lik <- function(theta1,theta2){
n <- length(X)
dt <- deltat(X)
-sum(dcEuler(X[2:n], dt, X[1:(n-1)], 0 ,c(theta1,theta2),

d,s,log=TRUE))
}

fit<- mle(Euler.lik,start=list(theta1=0,theta2=1),
method="L-BFGS-B",lower=c(0,0))

summary(fit)
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Thank You!
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